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THEORETICAL (ULTIMATE) HARDNESS  

S. Firstov, T. Rogul 

Abstract 
The new concept – theoretical (ultimate) hardness is suggested for rapid 
and effective estimations of the maximum possible strengthening of 
materials. The definition of theoretical hardness is proposed and the 
formula for its calculation is derived. The estimated theoretical hardness 
of some materials is analyzed. 
Keywords: hardness, indentation, strength, yield point, strengthening  

INTRODUCTION 
In recent years the use of various methods of hardness measurements has 

increased drastically thanks to the development of devices which allow the load-
displacement indentation curves to be recorded both in loading and unloading. The analysis 
of the indentation curves makes possible the determination of not only the hardness, but of 
the elastic modulus as well as the relation between the total indentation work and its elastic 
and plastic components [1–4].  

Using indenters with various tip angles, one can in fact construct the curves of 
deformation strengthening [5]. Nano- and microindentation are successfully used to study 
micromechanical behaviour and structural dependence of mechanical properties on small 
samples, thin films and coatings [6–8]. 

RESULTS AND DISCUSSIONS 
As in experiments on indentation when a kinetic diagram is recorded, the hardness 

and the modulus of elasticity (Young’s modulus) are measured simultaneously; the ratio 
between them enables one to compare the relative hardness of various materials, even if 
they are in different structure states. These ratios are often analyzed with the use of the so- 
called reduced modulus of elasticity (Е*= E/(1-ν2), where v is the Poisson ratio, E is the 
modulus of elasticity), where as this value is rather easy to find when processing 
indentation curves, while the Poisson ratio v for the material under study may be unknown. 
It should be, however, noted that the v values are usually in the range from 0.1 to 0.3, so 
that the E* and E values differ from one another by less than 10%. 

Analysis of the ratios of hardness (HIT) to the reduced modulus of elasticity (E*) 
of some materials given in Table 1 shows that this ratio may be as high as 0.14, i.e. HIT ~ 
0.14 E*. So high values of the HIT/E* ratio are indicative of a considerable strengthening of 
the respective materials. 

It is reasonable that the question arises as to how high the H/E (HIT/E*) ratio can 
be. The ultimate (the highest) value of the ratio can be used for a rapid and efficient 
assessment of the degree of material strengthening. In this context we believe that it is 
useful to introduce the concept of a theoretical hardness. It is reasonable to define the 
theoretical hardness as the highest hardness that can be attained on condition that the stress, 
which generates the plastic flow in the material under an indenter, corresponds to the 
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theoretical shear strength of the material. The theoretical hardness of a material conforms to 
the maximum possible strengthening for the given material, which is of profound interest 
for analysis of the maximum hardened states of materials. 

Tab.1. The ratios of hardness (HIT) to the reduced modulus of elasticity (E*) of some 
materials [9] 

Material HIT [GPa] Е*=E/(1-ν2) [GPa] HIT/E* 
Boron 35 470 0.074 

C (amorphous) 59 395 0.149 
TiN/BN 

(nanocrystalline) 69 585 0.118 

W2N/a-Si3N4 
(nanocrystalline) 51 560 0.091 

Ti-B-C 71 486 0.146 
Zr98Cu2N 54 394 0.137 
 
To evaluate the theoretical hardness of materials, the known relations between the 

theoretical strength and shear modulus G or modulus of elasticity E, as well as between the 
hardness H and yield point σ0.2 can be used. 

Theoretical shear strength of perfect crystals (τtheor) was first evaluated by Ya. 
Frenkel later was discussed in more detail in many publications [10-11]. The estimations 
showed that theoretical shear strength values can be expressed in fractions of the shear 
modulus, i.e. τtheor=G/α, the α values are at the interval 5 « α « 30. As the G, E and ν 
quantities are related by the following equation G=Е/2(1+ν), the expression for the 
theoretical shear strength in fractions of the modulus of elasticity is of the form 

 
τtheor= E/2 α (1+ ν)       (1) 
 
Since the relation between the hardness and flow strength in a general case can be 

expressed as Н ≈ β σ0.2, where β is the proportionality coefficient [12,13] and taking into 
account that the highest normal stress in tension and in compression are equal to the 
doubled highest tangential stress (σmax = 2τmax) and the stress that generates the material 
plastic flow corresponds to the theoretical shear strength of the material, the theoretical 
hardness can be defined by the following relation 

 
Нtheor = βE/ α (1+ ν).       (2) 
 
According to [14 – 16], the β value can range from 1.5 to 3.3. For metallic 

materials, β can be taken as ≈ 3. Then the theoretical hardness at α = 30 depending on the 
Poisson ratio of the material can be Нtheor ≈ 0.1Е. This value is the lower limit of the 
possible theoretical hardness. 

Table 2 gives the assessed values of the lower limit of the theoretical hardness for 
some materials, which were calculated at α = 30 and β = 3, experimental tabulated values of 
hardness of these materials are also given for comparison. With a stricter choice of the α 
and β values, the Нtheor can be somewhat higher. It is seen that for diamond, silicon, 
sapphire and some nanostructural materials, the assessed values of the lower limit of the 
theoretical hardness and experimental tabulated values of hardness are sufficiently close. 
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Tab.2. The assessed values of the lower limit of the theoretical hardness (Htheor) and 
experimental tabulated values of hardness (HV) for some materials. 

Material E 
[GPa] 

Htheor
[GPa] 

HV 
[GPa] 

HV/Е Нtheor/Е Reference 

Sapphire 465 37.9 30 0.065 0.082 [9] 
Si 160 13.1 11.5 0.072 0.082 [17] 
Ge 130 10.7 8 0.062 0.083 [17] 

Cr (coarse-grain) 
Cr (nanocrystalline) 

279 
279 

21.3 
21.3 

1.3 
18.7 

0.005 
0.067 

0.076 
0.076 

[17] 
[19] 

Mo (coarse-grain) 
Mo (nanocrystalline) 

324 
324 

25.1 
25.5 

2 
6 

0.006 
0.019 

0.078 
0.078 

[17] 
[18] 

Cu (coarse-grain) 
Cu (nanocrystalline) 

130 
130 

9.7 
9.7 

0.45 
1.4 

0.003 
0.011 

0.074 
0.074 

[17] 
[18] 

Fe (coarse-grain) 
Fe (nanocrystalline) 

200 
200 

15.5 
15.5 

0.8 
8 

0.004 
0.04 

0.077 
0.077 

[17] 
[18] 

 
Thus, the hardness of coarse-grained chromium is 1.3 GPa only, while the 

hardness of ultrafine-grained chromium, which is magnetron-deposited in a cyclic mode (a 
grain size of 60 nm), is as high as 18.7 and approaches the lower limit of the theoretical 
hardness (21.3 GPa). In our previous papers [8,19], we have ascertained that such a high 
hardness of the deposited ultrafine-grained chromium considerably exceeds the hardness 
values calculated by the Hall-Petch equation and is due to the partial elimination of 
discontinuities in grain boundaries during the incorporation of oxygen atoms, whose 
chemical bonds with chromium atoms are stronger than bonds between chromium atoms. 
On the strength of the investigations we have suggested a concept of “useful” impurities to 
increase the hardness of nanostructured materials by the engineering of grain boundaries 
[8]: the incorporation of “useful” impurities, whose chemical bonds with the atoms of the 
basic material are stronger than bonds between the atoms of the basic material, into grain 
boundaries resulting in a partial elimination of discontinuities, and increases the cohesion 
between grains and serves to increase the hardness of a nanocrystalline material. The 
proposed concept can be of use in the development of production technologies of 
nanostructural materials of a higher strength. 

Using dimensional analysis and a finite element method, Cheng Yang-Tse and 
Cheng Che-Min [16] calculated the ratio of the work spent for the plastic deformation 
(Wtotal – Welastic) in the indentation of an elastoplastic material to the total work (Wtotal). It 
should be noted that the above relation coincides with the so-called “plasticity 
characteristics” of the material λ, which we suggested to be calculated based on loading-
unloading indentation curves assuming that the indenter work is the area under the 
respective curves [4]. According to [2,16], the dependence of the ratio between hardness 
and reduced modulus of elasticity (H/E*) on the ratio between the work spent for plastic 
and total deformation (the plasticity characteristics in indentation – λ) of a material (Fig. 1) 
may be approximated as (3): 

 
λ = (Wtotal – Welastic) /Wtotal = 1-5 Н/Е*     (3) 
 
 It follows from Eq. (3) that the highest HIT/E* ratio may run to 0.14–0.16 when 

plasticity characteristics are about 0.2 – 0.3. 
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Fig.1. Relationship between H/E* (HIT/E*) and (Wtotal – Welastic/Wtotal, including data from 

finite element calculations for conical indenters and experimental results for a few 
materials (ν is the Poisson,s ratio, n is the work hardening exponent) [16] and for a Cr-

nano [19]. 

It should be noted that the correctness of the analysis depends largely on the 
precision of estimation of the theoretical strength and proportionality coefficient, which in 
turn depend on the α and β coefficients. Theoretical strength estimated even from its lower 
limit is known [11] to differ drastically (almost by the order of magnitude) from the 
strength of real materials. At the same time because of the advancing of new technologies 
of the generation of ultrafine-grained states, recently the achievement of strength close to 
the theoretical in value becomes quite realizable. Therefore, an additional study to refine 
the calculations of the theoretical shear strength becomes an urgent problem again. The 
present study and the data reported in [16] show that the experimentally measured hardness 
values can even exceed the lower limit of the hardness estimation, and hence, the α 
coefficient may be distinctly below 30. If Eq. (3) is true, it is quite evident that the H/E* 
ratio cannot exceed 0.2. That is why the experimental verification, if Eq. (3) is applicable 
for cases where the H/E* ratio is high is also a very important and interesting task. It should 
be noted that the H/E*(λ) dependence may be used as a calibration curve, from which 
knowing the λ value, one can easily define H/E* (for materials with the known Poisson 
ratio, the H/E value as well). As the λ value is defined from indentation curves, we obtain a 
tool for rapid and efficient evaluation of the material relative strength (hardness). 

CONCLUSIONS  
• The theoretical (ultimate) hardness is the highest hardness that can be attained on the 

condition that the stress, which generates the plastic flow in the material under an 
indenter, corresponds to the theoretical shear strength of the material. The theoretical 
hardness of a material conforms to the maximum possible strengthening for the given 
material. 

• The experimentally determined HIT/E* ratio makes it possible to evaluate the degree of 
the achievement strengthening of material in comparison with what is theoretically 
possible for this material. 
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